MAT 127 — Calculus C: Course Notes

These notes are based on the textbook Calculus: Concepts and Contexts, 5th Edition, by James
Stewart and Steve Kokoska, on which the course is based. They provide a summary of the material
covered during the class sessions. Students are strongly encouraged to supplement these notes by
studying the textbook and practicing with the exercises provided there. It is also essential to attend
office hours in order to ask questions and clarify any difficulties. Simply reading these notes is not
sufficient, especially given the limited amount of time available during class. These notes will be
updated after each week of classes.
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1 Sequences

B Definition
A sequence is a list of numbers: ai,as,as,a4,...,a0y,,...
Some sequences begin with n = 0: ag, a1,a9,...,ay, ..

The sequence {a1,ag,as, ...} is also denoted by {a,} or {a,}5 ;.

Example Fibonacci sequence

The Fibonacci sequence {f,} is defined recursively by
fi=1, fo=1, Jn=fo1+ fn2, n=>=3.

The first few terms are {1,1,2,3,5,8,13,21,...}.



B Limit of a Sequence

Let us consider the example a,, = nLH By dividing the numerator and the denominator by n, we get:

and % becomes smaller and smaller as n tends to 0. In this case, we write limy, 4o % = 0. Thus, we

have:
n 1

im =——=1
n—+oon + 1 1+0

In general, the notation lim,_,, a, = L means that the terms of the sequence a,, approach L as n
becomes large.

( Definition. Limit of a Sequence

A sequence {a,} has the limit L, written as

lim a, =1L or an, — L asn— +oo,
n—-+o0o
if we can make the terms a,, as close to L as we like by taking n sufficiently large.
If limy, o0 ay, exists, then we say the sequence {a,} converges, or is convergent. Otherwise, we

say the sequence diverges, or is divergent.
\ J

B Limit of a Function and Corresponding Sequence

Recall that, for a function f, the statement

lim f(z)=1L

T—-+00

means that the values of f(z) can be made arbitrarily close to L by taking z sufficiently large.

The definitions of the limit of a sequence and the limit of a function are therefore very similar. The
main difference between

ngﬁloo anp =L and xginoo flz)=1L

is that n is restricted to integer values.

( Theorem. Limit of a Function and Corresponding Sequence

— | J

L If lim, 4 f(z) = L and f(n) = a,, where n is an integer, then lim,_, - a, = L.

For example, we know that:

1
lim — =0 when r > 0.
z—+oo T

By applying the theorem with the function f(z) = x% and a, = f(n), we have that lim,_, .0 a, =
limg—s 400 f(z) = 0. Thus, we obtain:

lim — = lim a,=0 if r > 0.
n—+oo N’ n—-+oo

M Infinite Limits

If a,, becomes arbitrarily large as n increases without bound, we write

lim a, = +oc.
n—-4o00



In this case, we do not consider the sequence a, to be convergent. We say that the sequence diverges,
or is divergent, just like sequences that do not have a limit.

For example, the sequence a,, = n satisfies:

lim n = +oo.
n—+oo

B Warning: Not Every Sequence Has a Limit

Not every sequence has a limit. For example, consider the sequence
ap, = (—1)".
Its terms oscillate:
{-1,1,-1,1,-1,1,—-1,...}.
Since the terms do not approach a single number L as n — 400, the sequence is divergent.

B Limit Laws

The Limit Laws for functions also hold for the limits of sequences.

(" Theorem. Limit Laws for Sequences )
If {a,} and {b,} are convergent sequences and c is a constant, then:
1.
lim (a, + b,) = lim a, + lim b,.
n—00 n—00 n—00
2.
lim (a, — by) = lim a, — lim b,.
n— o0 n— o0 n—oo
3.
8, O = € 1 G-
4.
lim c=c.
n—oo
5.
Jim (anbe) = (Jim, o) (lim b).
6. i
. Qan 1My — o0 An . .
lim — = ———— if lim b 0.
n—oo b, lim,,— o0 by, ’ n-soo 7&
7.
limapz(lima>p if p>0anda, >0
n—oo n—oo ')’ " ’
\ J
B Squeeze Theorem
( Theorem. Squeeze Theorem for Sequences )
If ap, < b, <c, for n > ng and lim,_.o a, = lim,,_o ¢, = L, then lim,_ s b, = L.
. J
( Corollary. )
If limy, 00 |¢n| = 0, then lim,, o0 ¢y, = 0.
N J




Proof. For every n, we have —|a,| < ¢, < |ay|. Since limy, 4o (—|cp|) = 0 and lim,, 4 |cy| = 0,
the Squeeze Theorem, applied with a, = —|c,| and by, = |y |, gives limy, 400 ¢ = 0. O

Example Use the Absolute Value
(="

Let us compute le . Consider the sequence of absolute values:
n oo

n
lim (=1) = lim l =0.
n—oo n n—oo n,
Therefore, by the (Corollary of the) Squeeze Theorem,
im U
n—oo N

B Recall: L’Hé6pital’s Rule

Recall that L’Hopital’s Rule can be used to evaluate certain indeterminate limits of the form % or >.

Let f: I — R and g: I — R be differentiable functions, where I = [A, +00[. Suppose that ¢'(x) # 0
for every x > A and that

e

im

T—r+00 g’(:];)

9

where L is finite or infinite. If either

lim f(z)= lim g(z)=0

T—+00 T—+00
or
oo 1 = B, 6] = oo,
then /
f(x) f(x)

lim ~—% = lim = L.

z—+oo g(x) z—+oo ¢'(x)

Example Applying L’Ho6pital’s Rule to a Sequence

Inn
Let us compute lim ——. Since L’Ho6pital’s Rule applies to functions of a real variable rather than

n—+oo N
directly to sequences, consider the corresponding function
f(r) Inx
glz) @’

where f(xz) =Inzx and g(z) = =.

We have lim,_, o f(z) = lim, oo Inz = +00 and limg, 4 o0 g(x) = limy 40 2 = +00. Therefore,

the quotient % has the indeterminate form 2. By L’Hopital’s Rule,

!
1
lim @: lim f(a:): lim ﬂ:O.
Z—+00 g(m) Z——+00 g’(aj) 2400 1
Therefore,
|
lim —2 =0
n—+oo n

B Sequence—Function Links



Recall that a continuous function is, informally, a function whose graph can be drawn “without lifting
your pencil.” In other words, the graph has no jumps or breaks.

This amounts to saying that f is continuous at every point of its domain. Recall that f is continuous
at a point xg if the value of the function at zg agrees with the limiting value of the function as x
approaches xg:

lim f(z) = f(xo).

Tr—T0

Therefore, if a sequence {a, } converges to L and f is continuous at L, then the values f(a,) converge

to f(L).
( Theorem. Limit of a Continuous Function Applied to a Sequence

L If limy,—y 400 @, = L and the function f is continuous at L, then lim, 1 f(a,) = f(L). J

Example Use a Continuous Function

Let us compute 11111 sin () We have lim,,—, 1 % = 0, and the sine function is continuous at 0.
n—-+00 n

Since sin(0) = 0, the theorem above gives

. . (T ) LT )
lim sin () = sin ( lim ) =sgin0 = 0.
n—-+oo n n—+oo n

w
—~
=)
~
I
)

—27 — T

—1+

Figure 1: Graph of the function f(x) = sinzx.

B Geometric Sequences and Their Limits

e T -
Definition. Geometric sequences

Let r € R be a real number. A sequence of the form

an =1"

is called a geometric sequence with common ratio r.

Proposition. Limit of the Sequence {r"}

The sequence {r"} is convergent if —1 < r < 1 and divergent otherwise. More precisely,

lim r" =
n—-+00

0, —-1<r<l,
1, r=1.
N J

Proof. We consider several cases.



e If r > 1, then

lim " = +o0,
n—-+o0o

so the sequence diverges.

e If0<r <1, then

lim " =0,
n—-+00

so the sequence converges to 0.

e For r =0 and r = 1, we have

lim 0" =0 and lim 1" =1.
n—-4o00 n—4o00

o Now suppose that —1 <7 < 0. Then 0 < |r| < 1, and therefore

lim |r"|= lim |r|®=0.
n—-+o0o n—-+o00

Since
—[r" <™ <",
the Squeeze Theorem gives
lim r" =0.

n—-+o0o

o If r = —1, the sequence is
{-1,1,-1,1,-1,1,...},

so it oscillates between —1 and 1 and is divergent.

o Finally, if » < —1, the terms alternate between positive and negative values while their absolute
values increase without bound. Hence, the sequence is divergent. O

B Monotonic Sequences
Recall that for a function f defined on an interval I:

Strict monotonicity

o [ is strictly increasing on I if x1 < zo implies f(z1) < f(z2).

o fis strictly decreasing on I if 1 < xzo implies f(x1) > f(x2).
Nonstrict monotonicity

o fis nondecreasing on I if x1 < xo implies f(z1) < f(x2).

o fis nonincreasing on I if 1 < xo implies f(x1) > f(z2).

A function is called monotonic if it is either nondecreasing or nonincreasing.

Recall that if f is differentiable, then f’(z) > 0 implies that f is strictly increasing, while f/(z) <0
implies that f is strictly decreasing. Similarly, f'(z) > 0 implies that f is nondecreasing, while
f'(z) <0 implies that f is nonincreasing.

The same terminology applies to sequences by comparing two consecutive terms a, and a,41.



Vs

Definition. Increasing, Decreasing, and Monotonic Sequences

Strict monotonicity
o A sequence {a,} is (strictly) increasing if a,, < ap4+1 for all n > 1.
o A sequence {a,} is (strictly) decreasing if a, > a,41 for all n > 1.
Nonstrict monotonicity
o A sequence {ay} is nondecreasing if a,, < a,y; for all n > 1.
o A sequence {ay} is nonincreasing if a, > ap41 for all n > 1.

A sequence is monotonic if it is either nondecreasing or nonincreasing.




Example

1. Consider the sequence
ap, = N.

We have
any1 =n+1>n=ay,.

Therefore, the sequence {n} is increasing.

2. Consider the sequence

1
an = —.

n

We have
1 < 1
Api1 = — = an.
Ty +1 n "
Therefore, the sequence {%} is decreasing.
3. Consider the sequence
an =In(n+1).
Let f:[1,4+00[— R be defined by
f(z) =In(x +1).
We have ,
!
= >0
Fz) z+1
for every x > 1. Therefore, f is increasing on [1,+o00[. Since a,, = f(n), the sequence {a,} is
increasing.
B Bounded Sequences
e N

Definition. Bounded Sequence

A sequence {ay,} is bounded above if there is a number M such that
anp, < M for all n > 1.

It is bounded below if there is a number m such that
m < ap for all n > 1.

If it is bounded both above and below, then {a,} is a bounded sequence. Equivalently, {a,} is
bounded if there exists a number C' > 0 such that

lan| < C for all n > 1.
. J

Warning. A bounded sequence is not necessarily convergent: for instance, (—1)" is bounded but
divergent. Similarly, a monotonic sequence is not necessarily convergent: for instance, a, = n is
increasing but divergent. However, if a sequence is both bounded and monotonic, then it is convergent.

( Theorem. Monotonic Sequence Theorem w

L Every bounded and monotonic sequence is convergent. J




2 Series

B Definition

We would like now to add the terms of an infinite sequence {a,},;:>] as an expression of the form:
art+ax+az+---+ap+---

Such an infinite sum is called an infinite series and is denoted by
+oo
Sa o Yan
i=1

For a general series, define the partial sums
s1 = ay, So = a1 + as, S3 = a1 +as + as,
and in general

n
Sp=ai+az+-tag =Y a
i=1

These partial sums form a new sequence {s, }, which may or may not have a limit. If lim, 1 S, = s
exists as a finite number, then we call s the sum of the infinite series ) ay,.

( Definition. Convergent Series

Given a series
“+o0

Zan:a1+a2+a3+'~,

n=1

let s,, denote the nth partial sum:
n
Sp — Z a;.
i=1

If the sequence {s,} converges and
lim s, =s
n—+o0o

exists as a real number, then the series > a,, is called convergent and we write

—+o0o
S g, =s.
n=1

The number s is called the sum of the series. If {s,} diverges, then the series is called divergent.
In the convergent case, we have

—+00 n
Z ap = lim Z a;
n—-+oo 4
n=1 =1
S J

Warning. Not every infinite series is convergent. For example,

+o0
dDl=1+141+--

n=1

is divergent because its sequence of partial sums is s, = n, and

lim s, = +oo.
n—-+00



Another important example is the harmonic series (see below in the document)

iol—l—i-}-i-l—l-l—f—
—~n 2 3 4 '
n=1

which is also divergent with 7% 1 = +oc.

B Geometric Series

( Theorem. The Geometric Series
Let a # 0. The geometric series
+o0o
Zarnfl =a+ar+ar’+---
n=1
is convergent if |r| < 1, and
+o0 a
Z ar" ! = ] .
n=1 -r
If || > 1, then the geometric series is divergent.
In short,
) ) first term
sum of a convergent geometric series = —.
— common ratio
.
Proof. Let

sp=a+ar+ar®+--+ar™ !

be the nth partial sum.
e If r =1, then
Sp = Na.

Since a # 0, the limit lim,,_,~ Sy, is not finite. Therefore, the series diverges.

e If r#1, then

7Sy = ar +ar’ + - +ar" 4 ar™.
Subtracting,
Sp— T8y =a—ar”,
and therefore
a(l —rm")
Sp = ———=.
" 1—r
o If |r] <1, then
lim »" =0.
n—-+o0o
Hence,
1 —pm
lim s, = lim o T): a‘
n—+00 n—4oco 1 —r 1—r
Therefore,
+oo
a
Z ar™t = T
n=1 -r
o If r=—1, then " = (—1)" is divergent, so {s,} is divergent.

o If |r| > 1, then {r"} is divergent, so {s,} is divergent.
Therefore, the geometric series converges exactly when |r| < 1.

10



Example

Consider the series

5 10 N 20 40 n
3 9 27
This is a geometric series with first term a = 5 and common ratio r = —%. Since |r| < 1, the series

converges. Using the formula for the sum of a convergent geometric series, we obtain

s 1020 40 5
39 271 S 1—(—2/3) 7

Therefore, the sum of the series is 3. The partial sums oscillate around 3 and approach 3 as the
number of terms increases.

B Sum of the First n Positive Integers

L J

( Proposition. Sum of the First n Positive Integers

For every integer n > 1,
- n(n+1)
1424 +n=Y k= —-

Proof. Let
S=14243+---+(n—-2)+(n—-1)+n.

Writing the same sum in reverse order gives
S=n+n-1)+Mn-2)4+---+3+2+1.
Adding the two expressions term by term, we obtain
2S=mn+1)+(n+1)+- -+ (n+1).
There are n terms on the right-hand side, so
2S =n(n+1).
Therefore,

n(n+1).

S = 5

Hence,

i)

k=1 2

B A Geometric Series with Variable Terms

Consider the series
o0
Z z", lz| < 1.
n=0

This is a geometric series with first term @ = 1 and common ratio r = x. Since |z| < 1, the geometric
series converges and

+00 1
n=0 x

11



B Telescoping Series

Consider the series

io 1
— n(n+1)
Using the partial fraction decomposition

the nth partial sum is

Expanding the sum gives

(-GG

The intermediate terms cancel, so

n+1

A sum in which consecutive terms cancel in this way is called a telescoping sum. Taking the limit of

the partial sums,
1
lim s, = lim (1— ):1.
n—-—+o00 n——4o00 n+1

Therefore, the series is convergent and

+oo 1
)PP
= n(n+1)

Notice that the terms satisfy lim,_, . a, = 0, while the partial sums satisfy lim,— o sn = 1.

B The Harmonic Series

The harmonic series is

gfl—1+1+1+1+
—n 2 3 4 ’
n=1

We show that it is divergent by considering the partial sums so, sS4, S8, S16, - - -

Proof. First,

1
So — 1+ 5
Next,
—1+1+<1+1>>1+1+<1+1>—1+2
MEETy T 3T o \1Ty) T Ty
Also,
—1+1+<1+1>+(1+1+1+1>>1+1+(1+1>+<1+1+1+1>—1+3
S L R 56 78 2 \1 "1 8 '8 '8'8) "o
Similarly,

s —1+1+CAJ>+(1+ +1>+(h% +1>>1+4
= T9T 3 4 5 8 9 16 2

Continuing in the same way,

5 6
532>1+§, 564>1+§7

12



and in general,

n
82n>1+§

Since
. n
lim <1 + ) = 400,
n—-+oo 2

the partial sums sgn become arbitrarily large. Therefore, the sequence of partial sums {s,, } is divergent,

and hence
—+oo
)y 1
n=1 n

is divergent. O

B Convergent Series Behavior

The next theorem describes the behavior of the terms of a convergent series.

( Theorem. Limit of the Terms of a Convergent Series

l

If the series 3129 a,, is convergent, then

lim a, =0.
n—-+oo

Proof. Let s,, = a1 +ag + - - - + a, be the nth partial sum. Then
Ap, = Sp — Sp—1-
Since Y a,, is convergent, the sequence of partial sums {s,} is convergent. Let

lim s, =s.
n—-+o0o

We also have

lim s,_1 =s.
n—+o0o

Therefore,

lim a,= lim (s, —8,-1)= lim s,— lim s,_1=s5—s5=0.
n—-+oo n n—>+oo( " m 1) n—-+oo n n—-+oo n—l1

Warning. The converse of the theorem is false. The condition

lim a, =0
n—-+o00

does not imply that > a,, is convergent. For example, for the harmonic series
+o00 1
>
n=1 n

we have 1
lim — =0,
n—+oo n

but the series is divergent.

The following divergence test is the contrapositive of the preceding theorem.

13



(" Theorem. The Test for Divergence )
If limy,—, 4 o0 @, does not exist, or if
li 0,
o 7
then the series
—+00
> a
n=1
is divergent.
\ J

Warning. If lim,_, . a, = 0, then we cannot conclude whether the series > a,, converges or diverges.
The series may converge, or it may diverge. Further analysis is required.

B Combining Series

( Theorem. Properties of Convergent Series )
If > a, and Y b, are convergent series, then so are the series Y ca,, where ¢ is a constant,
> (an + by), and Y (a, — by). Moreover,
+00 +oo
(i) ann = Czam
n=1 n=1
+o0
(i) > (an+bn) Zan+an,
n=1
+oo +oo +oo
(iii) D (an—bp) =D an— Y by
n=1 n=
\ J

These properties of convergent series follow from the corresponding Limit Laws for Sequences.

Example

Let us compute
(et 2)
—\nn+1) 2n)°

The series 3,79 Qn is a geometric series with first term a = % and common ratio r = % Therefore,

+001

1
_ 3
Z27_1— =L

n=1

We also know that
+o00o 1

nz::ln(n—i-l) =L

Using the properties of convergent series, we obtain

= 3 1 =
Z(n(n+1)+2n)=32 <n+1>+z2"_3 t+1 =l

n=1

14



Property. Adding or Removing Finitely Many Terms

Adding or removing a finite number of terms does not affect the convergence or divergence of a
series. More generally, for any integer N > 1, the series

—+o00

> an

n=1
and

+o0
>

n=N+1
have the same convergence behavior.
\ J
For example, the series
400 1
> 3
n=1 n
and
+oo 1
2
n=100 "*

have the same convergence behavior. Indeed,

+oo 1 99 1 +o00 1
—=> 5+ —
ngl n? ngl n? n:ZIOO n?’

and the first sum on the right-hand side contains only finitely many terms. Therefore, one series
converges if and only if the other converges.

For your information, a famous result due to Euler states that

> ="
==
—n 6

. . . 400 1 +00 1 . .
Thus, in particular, both series > 72 -5 and > 7>, -7 are convergent. Dans le prochain chapitre on
verra comment montrer la convergence de >_,7% %

15



3 The Integral and Comparison Tests; Estimating Sums

B The Integral Test

Let us consider the series

Set

The function f is continuous, positive, and decreasing on [1,+oo[. For each integer n > 2, we draw
a rectangle of width 1 on the interval [n — 1,n] and height f(n) = n% Since f is decreasing, each
rectangle lies below the curve y = z% (see Figure 2 below). Therefore, for every N > 2

N
1 1 1 1
Z 3 = sum of the areas of the rectangles [1,2] x [O, 22] , [2,3] x [0, 32} yeoey [IN—=1,N] x [O, N2

n=2

N 1 ) 1
< /1 2 dx because each rectangle lies below the graph of f(x) = 2

—177=N 1
= [} because an antiderivative of — is — —
T Jpa x x
=——=—(-1) by evaluating the antiderivative at N and 1
=1-—=x1 b N > 2.

N ecause N >

It follows that

N N
dos=l+) <2
Since all the terms are positive, the sequence of partial sums sy = ,]yzl # is increasing. Since it is

also bounded above by 2, the sequence sy is convergent. Hence, the series > o2, # is convergent.

1 ,,y
0.75 1
y=%
0.5 1
0.25 ¢
— —r
1 2 3 4 5 6

Figure 2: The rectangles of heights 2%, 3%, 4%, 5%, 6% lie below the graph of y = x% Their total area is

therefore smaller than f16 mig dx.

This geometric comparison between sums and integrals leads to the following theorem.

16



Theorem. The Integral Test

Let N > 1 and suppose that f : [N, 4o0o[— R is continuous, positive, and decreasing. Let
ap = f(n). Then, for every n > N,

N

/n+1f(a:) dz < i f(k) < f(N) +/nf(m) dz.
k=N N

In particular, the series 37> a,, and the sequence { [}, f(z) dz},1>5; have the same convergence

n
behavior: either both converge or both diverge. In the convergent case, if L = lim / f(x) dz,
N

n—-+oo
then we have:

(. J

Proof. Let Ry be the rectangle with base [k, k + 1] and height f(k + 1), and let Ry, be the rectangle
with base [k, k + 1] and height f(k).

Yy
f(z)
/
Ry
Ry.io
Ry R,
R
N Ryy2
R,
X
N N+1 N+2 o n n+1

Since [ is decreasing and positive, the area under the graph of f over [k, k + 1] lies between the blue
area Area(Ry) and the red area Area(Ry) of these two rectangles. Therefore,

k1 N
Area(Ry) < / f(z)dx < Area(Ry).
k
Since both rectangles have width 1, the area of the smaller rectangle is Area(R%y) = 1- f(k+ 1) = f(k + 1),
while the area of the larger rectangle is Area(Ry) =1 f(k) = f(k). We thus deduce that:
k+1

< [0 fa)de < (R,
Summing these inequalities for kK = N, ..., n, we obtain
n n41 n
S s < [ f@)de < Y fb)
k=N N k=N
Equivalently,

n

k=N

N

=2

17



Set s, := > p_n f(k). Since f(k) > 0, the sequence (s;,) is increasing.

« Suppose first that { [ f(x) dz}, > converges. Then the sequence { [}, f(z) dx} 2% is bounded. By
the inequality above, s, < f(N) + [y f(z)dz, so {s,} is bounded above. Since {s,} is increasing

and bounded above, it converges. Hence 3°1°% f(n) converges.

« Conversely, suppose that 7> f(n) converges. Then the sequence {s,} is bounded. Since
Wt f(2) dx < sy, the sequence { (v f(z) dx}t> is bounded above. Moreover, since f(z) > 0, this

sequence is increasing. Therefore it converges and hence { [y f(x) dz}, > converges. O

Example Using the Integral Test

Let us determine whether the series
R

2w
n=1

converges or diverges. Consider

Inz
fla) = -
The function is positive and continuous for x > 1. Moreover,
1—Inx
/
x) = .
Jw) ==

Since f’(x) < 0 for x > e, the function is decreasing for all sufficiently large x. We now consider the
improper integral:

oo ] t Inz)2]"" Int)2  (In1)?
/ 2T = lim 2T g = lim (In) = lim (Int)” (nl) = +00.
1 x t—+o0 J1 t—+oo 2 B t——+o0 2 2

Therefore, by the Integral Test, ST an is divergent.

n=1
B p-Series
s - N
Theorem. The p-Series
The series
+00
v
n=1 n?
is convergent if p > 1 and divergent if p < 1.
\ J

Proof. If p <0, then lim,_, # # 0, so the series diverges by the Test for Divergence. Suppose
now that p > 0. Consider
1
f(z) = e
This function is continuous, positive, and decreasing on [1,4o0o|. If p = 1, then

+00 1
/ —dxr = 400,
1 T

so the harmonic series Z:{i‘j % diverges. If p # 1, then

too ] t=r—1
/ —dr= lim ——.
1 P t—+oo 1 —p

This limit is finite exactly when p > 1. Therefore, by the Integral Test, the p-series converges exactly
when p > 1. O

Example Examples of p-Series

18



1. The series 3,29 7713 is convergent because p = 3 > 1.

2. The series Z:ﬁ‘j nll/g is divergent because p = % <1

B The Comparison Test

The idea of the Comparison Test is to compare a series with a simpler series whose convergence
behavior is already known.

Theorem. The Comparison Test

Suppose > a, and > b, are series with positive terms: a, > 0 and b, > 0.

o If a, < b, for all sufficiently large n and >_ b,, is convergent, then > a, is convergent.

e If a, > b, for all sufficiently large n and > b,, is divergent, then >_ a, is divergent.
. J

Two particularly useful series for comparison are the p-series
>
n=1 nP

and the geometric series

+0o0
Z ar™ 1.
n=1

Example Comparison with a p-Series

Consider the series

i" 5
= 2n? +4n + 3
‘We have
5 5 51

0< g < — = = —.
n24+4n+3 " 2n2  2n2

Since Ziﬁ'ﬁ # is a convergent p-series with p = 2, the Comparison Test implies that

+o0o 5
> v i
—2n*+4dn+3

is convergent.

Example Comparison with the Harmonic Series

Consider the series
+o0o 1
nn

n=1 n

For n > 3, we have Inn > 1, and therefore

Inn 1

n n

Since the harmonic series > % is divergent, the Comparison Test implies that

> mn

n=1 n
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is divergent.

Warning. The direction of the inequality is essential. To prove convergence, we compare with a larger
convergent series. To prove divergence, we compare with a smaller divergent series. For example,

1 1
gn 1~ on

but the fact that Y o2, 2% converges does not allow us to conclude anything from the Comparison
Test.

B The Limit Comparison Test

When two series have terms with approximately the same behavior for large n, the Limit Comparison
Test is often more convenient than finding an explicit inequality.

(" Theorem. The Limit Comparison Test )
Suppose > a, and Y b, are series with terms a,, > 0 and b, > 0. If
1i an
nortoo by O
where 0 < ¢ < 400, then the two series > a, and ) b, have the same convergence behavior:
either both converge or both diverge.
\ J

Example Using the Limit Comparison Test

Consider the series
+00 1

= 2n — 1
Let
1
a":2"—1 and bn:2n.

Then

. Gp . 2n ) 1

lim — = lim = lim =1

n——+o0o bn n—+oo 21 — 1 n—+oo ] — —

2TL

Since :{i’i 2% is a convergent geometric series and the limit is positive and finite, the Limit Comparison

Test implies that >729 ﬁ is convergent.
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B Estimating the Sum of a Series

( Definition. Remainder of a Convergent Series

Suppose that a convergent series

“+o0o

D an

n=1
has sum s, and let

n
Sn =D i
k=1
be its nth partial sum. The remainder after n terms is defined by
Rn:S_Snzan+1+an+2+an+3+”' .

Thus, R, is the error made when s, is used to approximate s.

\

( Theorem. Remainder Estimate for the Integral Test
Suppose f is continuous, positive, and decreasing, a, = f(n), and >.,>; a, is convergent. If
R, = s — sy, then

+o0 +o0
/ f(z)dx < R, g/ f(x) dx.
n+1 n
N

In particular,
+o00
R, < / f(z)dx

gives an upper bound for the error when s, is used to approximate the sum.

Example Estimating the Sum of a Series

Consider
o0
3 1
n=1 77,3
Let
f@) =
x3
We have
+oo 1 4
/n 23 = 2n2
Using the first 10 terms gives
10
s10= Y — ~ 1.1975.
n=1 n
The error satisfies
R < / 1y L 0005
0= Jo BT 202 T

Therefore,

with an error of at most 0.005.

Suppose now that we want the error to be at most 0.0005. We need

1
— < 0. .
53 < 0.0005
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Thus,
n? > 1000

and
n > 11000 ~ 31.623.

Therefore, at least 32 terms are required.

Property. Lower and Upper Bounds for the Sum

Under the assumptions of the Integral Test,

+o0 “+oo

Sp + f(x)dx§s§3n+/ f(z)dz.
n+1 n

.

Example An Improved Estimate

For

using n = 10 gives

| 1
— < s < —_—.
0T 502 =500 T 5y

Numerically,
1.201664 < s < 1.202532.

Using the midpoint of this interval,

o~ 1.201664—; 1.202532 ~ 1.2021,

with an error smaller than 0.0005.

Property. Comparing Remainders

Suppose 0 < a, < b, and both series converge. If

“+oo —+00
Ry= Y a and T,= Y by,
k=n+1 k=n+1

then
0< R, <T,.

Thus, an error estimate for > b, also gives an error estimate for 3 a,.
.

Example Estimating an Error by Comparison

Consider
—+00
Z 1
3 .
o+ 1
Since .
< /—7—< —,
nd4+1 " nd

the series converges by the Comparison Test. Moreover, the remainder after n terms satisfies

oo 1
.Rn S /Q E§Ch:::§z5'
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For n = 100,

Using the first 100 terms,

Therefore,

with an error smaller than 0.00005.

Rigo < = 0.00005.
190 = 9(100)2
100
~ 0.6864538.
Z n3+1 38
n=1
+oo 1
Z 3 ~ 0.6864538
— n°>+1
n=1
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4 Other Convergence Tests

B Alternating Series

Definition. Alternating Series )
An alternating series is a series whose terms alternate between positive and negative values. It
can be written in one of the forms
+oo
Z(—l)n_lbn =by —bo+bg—bg+---
n=1
or
+oo
Z(—l)nbn=—b1+bg—b3+b4—--- ,
n=1
where b, > 0.
N J
For example,
11 = 1
-+t — = (—rt=
n
n=1
is an alternating series.
( Theorem. Alternating Series Test )
Consider an alternating series
+oo
Z (_ l)n_l bnv
n=1
where b, > 0. If
1. bp+1 < by, for all sufficiently large n;
2. limy 400 by = 0
then the series is convergent.
\ J

Warning. Both conditions are important. Moreover, the Alternating Series Test can only prove
convergence. If one of the conditions fails, the test is inconclusive and we must use another argument
to determine whether the series converges or diverges.

B The Alternating Harmonic Series

Consider the alternating harmonic series

i"(—n"*l_l R S
n 2 3 4 '
n=1

Let b, = % > 0. We check the two conditions of the Alternating Series Test:

1

1 < %, we have b, < by,.

1. Since

2. We have lim,,—y 100 by, = limy, 54 oo % = 0.

Therefore, 3,729 (_12:_1 is convergent by the Alternating Series Test.
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B When the Alternating Series Test Does Not Apply

Consider the series

+oo
3

S (-

— dn —1

n=1
Let

_ 3n

" 4n—1 "

‘We have 5 5 3
nglfoobn_ngrfooéln—l _nﬁlr}rlooél_% o Z # 0.

Therefore, the second condition of the Alternating Series Test is not satisfied. Actually,

3n
li —-1)"
nﬁlr}rloo( ) in —1

does not exist, so the terms of the series do not tend to 0. Hence, by the Test for Divergence,

+
f(—l)” 3n
—_ 4n — 1

is divergent.

B Another Application of the Alternating Series Test

Consider the series

+
f(_l)nﬂi
= nd 41
Let )
n
b, = > 0.
" p341 T

To determine whether {b,} is decreasing, consider the related function

Its derivative is
() = 2z(z® +1) — 32t z(2—2%)
o (@3+1)2 0 (P41

Thus, f/(x) < 0 for x > ¥/2, so f is decreasing on [v/2, +00[. Therefore, {b,} is decreasing for all
sufficiently large n. Moreover,

n? 1 0
lim b,= lim ——— = lim n o = =
n—-+oo no4oo 13 4+ 1 n—+oo 1 + 7%3 1+0

Both conditions of the Alternating Series Test are satisfied. Therefore,
+ 2

f(_l)nHL

= nd3+1

is convergent.

B Estimating the Sum of an Alternating Series

Suppose that an alternating series is convergent. Let s denote its sum and s, its nth partial sum.
Recall that the remainder
R,=s—s,
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is the error made when s,, is used to approximate s.

( Theorem. Alternating Series Error Bound )
Suppose
“+00
s = Z(—l)"‘lbn,
n=1
where b, > 0, b, 1 < b, for all sufficiently large n, and lim,,_, 1 b, = 0. Then
|Rn| = |s = sn| < bna1.
\ J

In other words, the error made by using the first n terms of a convergent alternating series is at most
the absolute value of the first omitted term.

B An Error Bound for an Alternating Series

Consider the series
N (-nm 11 1 1
DT TR TRt T i
n=0

The series satisfies the conditions of the Alternating Series Test. Consider the partial sum

1 1 1 1 1
S6 —i—2 6+24 120+720 0.368056

The first omitted term has absolute value

b= = 1 00002
T T 5040 T

Therefore, by the Alternating Series Error Bound,

1
— sl < —— < 0.0002.
T

Hence,
s =~ 0.368

correct to three decimal places.

B Absolute Convergence

( Definition. Absolutely Convergent Series )
A series
+00
D an
n=1
is called absolutely convergent if the series
+00
Z |an|
n=1
is convergent.
N J
Consider the series
+oo n—1
(1)
2
n=1 n
We have
+o0 (_1)71—1 +o00 1
n? - Z n2
n=1 n=1
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Since 3129 % is a convergent p-series with p = 2, the series

+o00 n—1
(=1)

is absolutely convergent.

L/

( Definition. Conditionally Convergent Series

A series Z:ﬁ‘i an is called conditionally convergent if it is convergent but not absolutely
convergent.

The alternating harmonic series

+oo —1)n1
N

is convergent by the Alternating Series Test. However,
3!
n=1 n

is the harmonic series, which is divergent. Therefore, the alternating harmonic series is conditionally

—+00

>

n=1

(-1

convergent.

( Theorem. Absolute Convergence Implies Convergence

— |

L If a series E:i'j an is absolutely convergent, then it is convergent.

Proof. Suppose that 3> |a,| is convergent. Since
0 < an + |an] < 2|an],

and Y% 2|ay,| is convergent, the Comparison Test implies that

+oo
Z(an + lanl)
n=1
is convergent.
For every N > 1, we have
N N N
Z an = Z(an + lan|) — Z |an|-
n=1 n=1 n=1

Since both series on the right-hand side are convergent, we can take the limit as N — +oc:

N N
i S i 3o o= i 3l
+oo
= Z (an, + |an]) — Z |an].
n=1
Therefore, the sequence of partial sums {Zgzl an} converges, so j{i‘i an is convergent. Moreover,

+oo +oo
Z an =Y (an + lan]) = lan].
n=1 n=1

27



Warning. The converse is false. A convergent series is not necessarily absolutely convergent. For

_1\n—1
example, the alternating harmonic series Z;Z’i (1)

is convergent but not absolutely convergent.

B A Series with Positive and Negative Terms

Consider the series

Jio cos(n)
2
n=1 n

The signs of the terms do not alternate regularly, so the Alternating Series Test is not appropriate.
Instead, consider the series of absolute values:

+00
D
n=1

cos(n)
2

_ io | cos(n)|
= 2 .
n=1

n

Since | cos(n)| < 1, we have

|cos(n)| 1
0<—73— =

The series Z;ﬁ le is convergent. Therefore, by the Comparison Test,

io | cos(n)]
n2
n=1

is convergent. Hence,

is absolutely convergent and therefore convergent.

B The Ratio Test

The Ratio Test is particularly useful for series involving exponentials or factorials.

(" Theorem. The Ratio Test )

Let 32125 a,, be a series with |a,| > 0 and suppose that

An+1
Qp,

lim = L.
n——+00

Then:
1. If L < 1, the series is absolutely convergent.
2. If L > 1 or L = +00, the series is divergent.

3. If L =1, the Ratio Test is inconclusive.
\ J

Warning,.

an+41

1. If hrnn_9+oo

= 1, then the Ratio Test gives no information. The series may converge

or diverge. For example, Zi:i‘j # is convergent and Z,fi‘i % is divergent, but in both cases

=1.

an+41
an

limy, 5 4 oo

2. If limy, 4 oo ’aZ:1 ‘ = L with L > 1 or L = 400, the Ratio Test tells us that the series is divergent,
meaning that the sequence of partial sums does not converge to a finite real number. There are
then two possibilities: either the sequence of partial sums has no limit, or its limit exists in the
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extended sense and is equal to +00 or —oo. For example, for

and

N
oo =2Ntl g
n=1

SO
N

lim Z 2" =

N—+o0
n=1

—+00.

+00 9n
n=1 2

, we have

Gn+1
a

=2>1,

Thus, this series is divergent in the usual sense, but its partial sums tend to 400, and we may

write 3729 2" = 4o0.

B Using the Ratio Test

Consider the series

+
S
n=1 3"
Let 5
n
an = (—1)7137
Then
ap+1| (—1)”+l(n + 1)3 3" B 1
n, - gn+1 (_1)nn3 3
Therefore,
lim Ap41 _1
n—+oo | ap 3

By the Ratio Test, the series is absolutely convergent and therefore convergent.

B Recall: The Exponential Function

( Theorem. A Classical Limit for the Exponential Function

For every =z € R,

n
lim <1+x) -
n—-+oo n

x

Proof. If z = 0, the result is immediate. Suppose that x # 0. For n sufficiently large, 1 + 7 > 0, and

Since

1
lim 711(1 +u) =
u—0 u

lim nln (1 + x)
n—-+oo n

By continuity of the exponential function,

we obtain

x.

T n
lim <1 + ) =e”.
n——+0o00 n

In particular, taking x = 1 gives

1\"
lim (1 + ) =
n—-4o0o n

29
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B A Series Involving Factorials

Consider the series
+o0o nn

Let

Then

g1 (n+D)"al (1) (1+1)"
an  (n+1)! nr opn n)

Hence, by the theorem above,

1 n
lim 2%t = i (1+) —e>1.
n

n—+00  Qp n—-+o0o

Therefore, by the Ratio Test, ST Z—T is divergent.

n=1
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5 Power Series

B Power Series

s ”_ :
Definition. Power Series

A power series is a series of the form

+oo
chmn:co+clx+02x2+03x3+---,

n=0

where x is a variable and the numbers ¢, are constants called the coefficients of the series.
. J

For each fixed value of x, a power series becomes a series of real numbers. It may converge for some
values of x and diverge for others. Therefore, a power series defines a function

+o0
flz) =) cpa”
n=0

whose domain is the set of all values of x for which the series converges.
For example, the geometric series

+oo
doat=14az+at+a+ -

n=0

converges if |z| < 1 and diverges if |z| > 1. From the formula for the sum of a convergent geometric
series that we established earlier, we have

400 1
E " = T lz] < 1.
n=0 -z

(" Definition. Power Series Centered at a

A power series centered at a is a series of the form

+oo
> enlz—a)" =co+eci(r—a)+er—a)+es(z—a)d+--
n=0
G J

Notice that a power series centered at a always converges when = = a, since

“+o00

Z cn(a—a)™ = c.

n=0

B A Power Series Converging Only at Its Center

Consider the power series
“+o00
Z nlz”.
n=0

For z = 0, the series converges. Suppose now that z # 0 and let

an, = nlz".
Using the Ratio Test,
A1 (n+ 1)1z Ht
wi| |\ s )l
n !
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Therefore,
an+1
Gn

lim
n—-+00

:+OO

By the Ratio Test, the series diverges for every x # 0. Hence, the power series converges only for
z = 0.

B Determining Where a Power Series Converges

Consider the power series

=X (-3
Sy

S
—

Let
(z=3)"

n

an =

Using the Ratio Test,

An+1 (x =3t n n w3
= = x — 3.
an n+1l (z-=3)"| n+1
Therefore,
lim |2 = | — 3.
n——+oo an

By the Ratio Test, the series is absolutely convergent if
|z —3] <1,
that is,
2 <z <4

It diverges if |x — 3| > 1. The Ratio Test gives no information when |z — 3| = 1, so we must study the
endpoints separately.

1. If z = 4, then
+z°:° (4 —3)" io 1
n=1 n n=1 n

which is the harmonic series and is divergent.

2. If x =2, then

+OO2_3n +o00 —1)"
Z1( -3 :Zl(n)’

which is convergent by the Alternating Series Test.

Therefore, the interval of convergence is
[2,4].

Warning. When the Ratio Test gives an inequality of the form |z — a| < R, the endpoints z = a — R
and z = a + R must always be studied separately. The Ratio Test is inconclusive at these points.

B A Power Series Converging for Every Real Number

Consider the power series
—.
= n!

Let
xn

Ay = 7‘
.
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Then
n+1

ant1| | = n! ||
an | |[(n+1)an| n+1
Therefore, for every fixed x € R,
T LIRS T . ER )
n—+oo | ay n—+oon + 1

By the Ratio Test, the series converges absolutely for every x € R.

Thus, the series defines a function
+oo xn

Its first partial sums are

81($):1+JJ,
2
X
82('%):1—’_1.—’_?7
2 3
X X
sa3(@) =1+w+ 5+,

and ) 5 .
T T

(@) =1+a+=+ 2 4

s4(x) = T+ —+ =4+ —.

! 2 "6 24

These partial sums are polynomials that approximate the function f increasingly well as the number

of terms increases. We will later identify this function with the exponential function e”.

B Radius and Interval of Convergence

Theorem. Power Series Convergence

Consider a power series
+oo

Z en(z —a)™.

n=0

Exactly one of the following three possibilities occurs:
1. The series converges only when =z = a.
2. The series converges for every x € R.

3. There exists a number R > 0 such that the series converges absolutely if |z — a| < R and
diverges if |z — a| > R.

Definition. Radius of Convergence

The number R in the theorem above is called the radius of convergence of the power series. By
convention, R = 0 if the series converges only at its center, and R = +o0 if the series converges
for every = € R.

Definition. Interval of Convergence

The interval of convergence of a power series is the set of all real numbers = for which the series
converges.
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If 0 < R < 400, then
|zt —a| < R

is equivalent to

a—R<x<a+R.

The series converges absolutely inside this interval and diverges outside it. At the endpoints z = a— R
and x = a + R, either convergence or divergence may occur. Therefore, the interval of convergence
can have any one of the following forms:

la—R,a+ R|, la— R,a+ RJ, [a— R,a+ R, [a — R,a+ R].

Warning. The radius of convergence determines what happens inside and outside the interval, but it
does not determine what happens at the endpoints. Each endpoint must be tested separately.

B Finding a Radius and Interval of Convergence

Consider the power series
= (=3)"a”

nzz:() vVn+1~

Let
(~3)a"
p = ~——2——.
vn+1
Then
Ani1 (=3)ntlgntl /41 3] n+1
= = 3|z .
an vVn+2  (=3)nan n+2
Therefore,
lim |2t = 3|z|.
n—-+oo an

By the Ratio Test, the series converges absolutely if

3lz| < 1,
that is,
o] < 5
Tl < .
3
Thus, the radius of convergence is
1
R=—-.
3

We now test the endpoints.
1. Ifx = —%, then
1 n
SRR .
= Untl W
This is a p-series with p = % <1, so it is divergent.

2. If x = %, then

This series converges by the Alternating Series Test.



Therefore, the interval of convergence is
11
|-33]
B Another Radius and Interval of Convergence

Consider the power series

Jio:o n(x + 2)”‘

1
n=0 3t
This power series is centered at a = —2. Let
n(x +2)"
Up = —————.
3n+1
Then
ant1|  |(n+1)(z+2)" 30 n+1|z+2|
an | 3nt2 n(x+2)"| n 3
Therefore,
lim Intl) _ \x—i—2|.
n—+o0o | ap 3

By the Ratio Test, the series converges absolutely if

|z + 2
<1,
3
that is,
|z + 2] < 3.
Equivalently,
—-H<r <l
Thus, the radius of convergence is
R =3.

We now test the endpoints.

1. If x = -5, then
“+00 n(_3)n B }+OO

PRI =T S

Since lim;,_, oo n(—1)" does not exist and, in particular, the terms do not tend to 0, the series
diverges by the Test for Divergence.

2. If x =1, then
X p3n 1 =

Z gnt+l — 3 Z n.
n=0

n=0

Since lim,, 100 1 # 0, the series diverges by the Test for Divergence.

Therefore, the interval of convergence is
]-5,1].

B Summary: Finding the Interval of Convergence

0 cn(z — a)", we usually proceed as

To determine the interval of convergence of a power series > =

follows:
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. Apply the Ratio Test to determine the values of = for which the series converges absolutely.

. Rewrite the resulting inequality in the form |z — a| < R. The number R is the radius of
convergence.

. Determine the corresponding open interval Ja — R, a + R|.
. Test the two endpoints z = a — R and x = a + R separately using another convergence test.

. Include an endpoint in the interval of convergence exactly when the corresponding series
converges.
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6 Representations of Functions as Power Series

Power series allow us to represent many functions as infinite sums. Starting from a known power
series, we can obtain new representations by algebraic manipulations, differentiation, or integration.
B Using the Geometric Series

Recall the geometric series formula established earlier:

1 X
:Z$”:1+x+x2+x3+-~, |z| < 1.

n=0

11—z
This identity can be used to obtain power series representations of many other functions.

B Obtaining a New Power Series from the Geometric Series

Consider the function 1

@ =1z

Replacing x by —z? in the geometric series formula gives

L = e = S
n n n
5 = = (—x°)" = (—=1)"z".
1+ 1—(—2?) o o
Thus,
1
522 =1—a? 42t —ab 28—
The geometric series converges when
| - .’L‘2| < 15
which is equivalent to
|z] < 1.
Therefore, the interval of convergence is
|—1,1].

B Another Representation from the Geometric Series

Consider the function

1
f@) = —
We rewrite it in a form that allows us to use the geometric series:
1 1 1
z+2 2(1+2%) 21— (=2
Therefore,
1 1*00 (_;,;)n _ Jio (_1)”xn
r+2 24\ 2 = ontl
Thus,
1 1 oz 22 28

The series converges when




that is,
lz| < 2.

Therefore, the interval of convergence is
1—2,2].

B Differentiation and Integration of Power Series

A fundamental property of power series is that they can be differentiated and integrated term by
term inside their interval of convergence.

(" Theorem. Differentiation and Integration of a Power Series

Suppose that the power series
+oo

Z en(z —a)”

n=0

has radius of convergence R > 0, and define

—+00

@)=Y cule —a)"

n=0

Then f is differentiable on |Ja — R,a + R[, and

+o0
f(z) = Z nep(z —a)" b
n=1

Moreover, the antiderivatives of f are exactly the functions of the form

_ a)n—i—l

+00 (LL’
/f(a:) dx = C+T;Cnn7+1’

where C' € R is a constant. The differentiated and integrated power series have the same radius

of convergence R as the original power series.
. J

In other words,
d +00 400 d
— en(x—a)"| = — [en(x —a)™
dx[ga >] > 2l —ay]
n=0 n=0
and
+o0o +o0
/ lz en(x — a)”] dx = Z /cn(x —a)"dx,
n=0 n=0
where the symbol [ ---dz means that we take an antiderivative.
Warning. Differentiation and integration preserve the radius of convergence, but they do not

necessarily preserve the interval of convergence. The behavior at the endpoints may change, so the
endpoints must be checked again separately.

B Differentiating a Power Series
Consider the power series (Bessel function)
+00 (_1)nx2n

B = 2 Gy

n=0
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One can verify, using the Ratio Test, that this series converges for every x € R. Therefore, it can be

differentiated term by term:
-1

iy ”2n33
Z 22" n!)2

B Obtaining a New Power Series by Differentiation
Recall that 7% 2" has radius of convergence R = 1 and that

1 =
= Z ", lz] < 1.
- n=0

Differentiating both sides term by term gives

an

Changing the index by replacing n with n 4+ 1, we obtain

1—:U

1 e

m:Z(n—i—l)x”, lz| < 1.

n=0

The radius of convergence remains R = 1.

B Obtaining a New Power Series by Integration

We now find a power series representation of In(1 + x). Since

d
— In(1
o n(l+z)= T
we first use the geometric series:
1 1 RS

= = —1)"z", x| < 1.
1+ 1—(-x) nz:%( ) 21

The radius of convergence of this power series is R = 1. Therefore, by the theorem on the integration
of power series, we can integrate the series term by term for every x €] —1,1[. Since In(1+0) =0, we

obtain
| vl d
1 = —dt
n( * x) /0 1+¢

+00 T
= Z(—l)"/ t" dt
n=0 0

B 'fio( l)n ot
_n=O n+1

Therefore,
2 3 4 +oo n
T x x X

The radius of convergence is R = 1.

We now check the endpoints.

1. If z = 1, the series becomes Z:{i’i(—l)”_li, which converges by the Alternating Series Test.
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2. If z = —1, the series becomes — 3729 %, which is divergent.
Therefore, the interval of convergence is

|- 1,1].

In particular,

—+00
1 1 1 1
In(2) =Y (~)"' =1

— n 2

B Power Series Representation of the Inverse Tangent Function

Recall that

tan(r) = -
— arctan(x) = :
dx 1+ 22
We have already shown that
= —1)"z=" |x| < 1.
5 ( ;
142z =0

The radius of convergence of this power series is R = 1. Therefore, by the theorem on the integration
of power series, we can integrate the series term by term for every = €] — 1, 1]. Since arctan(0) = 0,
we obtain

z 1
arctan(x) = /0 TIa dt

400 €T

=3 1)”/ 2 dt
n=0 0

B +oo( 1)n x2n+1

= 2n+1

Therefore,
R S +00 p2n+1
arctan(w):a:—?—i-g—?-#-”-:nzzo(—l)”ml_l_l, lz| < 1.

The radius of convergence is R = 1. We now study the endpoints separately. At x = 1, the series
S oo 1) converges by the Alternating Series Test, and we obtain

n=0 2n+1
GRS SR S U
4~ 3 5 7 '
This is known as the Leibniz formula for w. At x = —1, the series also converges by the Alternating

Series Test. Therefore, the interval of convergence is

~1,1].

B Using Power Series to Approximate an Integral

0.5 1
——dx.
/0 1427 v

Using the geometric series with —z7 in place of 2, we obtain

Consider

+
LI ! = }%(f1yﬁﬁn, lz| < 1.
L+z7  1-(=2") =
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The radius of convergence is R = 1. Since the whole interval [0,0.5] is contained in | — 1, 1], the
theorem on the integration of power series allows us to integrate the series term by term on this
interval. Thus,

05 1 T o [0 o
/0 o7 dr = z_:(—l) /0 ™ dx
n=0
*f (=n"
= (7n 1)27n+1
1 1 1 1

2 8.28 ' 15.215  929.922

This is an alternating series. If we stop after the term corresponding to n = 3, the Alternating Series
Error Bound gives

Error < <1077,

1
29 - 229
Hence,

05 1 11 1 1
dr~ - ~ 0.49951374.
/0 +7 ¥ 278 % T15.06  :;oom

B Summary

Power series representations can be obtained from known series in several ways:

1. Substitute a new expression for x in a known power series.
2. Multiply or divide by constants or powers of x.
3. Differentiate a power series term by term.

4. Integrate a power series term by term.

Inside the radius of convergence, these operations allow us to represent functions by infinite polynomial-
like expressions and to use finite partial sums to approximate them.
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7 Taylor and Maclaurin Series

B From a Power Series to Its Coeflicients

(" Theorem. Coefficients of a Power Series )
Suppose that f has a power series representation centered at a:
“+o0o
flx) = Z cn(z —a)™.
n=0
Then, for every n > 0,
f™(a)
Cn = .
n!
\ J

Proof. We have
f(@x) =co+eci(r—a)+eazr—a) +ez(x—a)y+---.
Evaluating at © = a gives

f(a) = co.

Differentiating term by term,
fl(z) = c1 + 2e2(x — a) + 3e3(z — a)> 4+ -+,

and evaluating at x = a gives

f'(a) = c1.
Differentiating again,

() =2co+2-3c3(x —a)+---,
SO
f"(a) = 2lco.

Continuing in this way, after differentiating n times and evaluating at = = a, all terms vanish except

the term involving c,, and we obtain
£ (a) = nle,.

Therefore,
(n)
iLI0)
n!
O
B Taylor Series
( Definition. Taylor Series )
The Taylor series of a function f centered at a is
T ¢(n)
/ '(a) (x —a)".
—= n!
Equivalently,
f// a f(3) a
f@+ S @) —a) + 0D w0+ LW o
\ y
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( Definition. Maclaurin Series )
The Maclaurin series of f is the Taylor series centered at a = 0:
T r(n) (o 00 3)(0
= n! 2! 3!
\ J

Warning. Computing the Taylor series of a function does not automatically prove that the function
is equal to the sum of this series. For example, consider

{el/x2, x #0,

J(@) = 0, z=0.

This function has derivatives of all orders at 0, and one can show that (" (0) = 0 for every n > 0.
Therefore, its Maclaurin series is

0 r(n)
n=0

n.

However, f(x) = e~1/2* > 0 for every x # 0. Thus, the Maclaurin series converges everywhere, but
its sum is not equal to f(z) when x # 0. Therefore, the equality between a function and its Taylor
series must be justified.

y = f()

0.5 1

X
9 15 -1 -05 05 1 15 2

Figure 3: Graph of the function f(x) = e V7 for x # 0, with f(0) = 0.

B The Maclaurin Series for the Exponential Function

Consider
flz) =€"
Since
J0(2) = e*
for every n, we have
F™0) =1
Therefore, the Maclaurin series of e* is
+00 m , 22 23
me MR T

n=0 """

We already know from the Ratio Test that this power series converges for every x € R. Later, we will
justify that its sum is indeed e*.
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B Taylor Polynomials

( Definition. Taylor Polynomial

The nth-degree Taylor polynomial of f centered at a is

np) (g
VL0

|
= k!
(& J

T, (x)

(x —a)”.

If f is equal to the sum of its Taylor series, then

f(z)= lim T,(x).

n—-+o00

Thus, the Taylor polynomials provide polynomial approximations of f near the center a.

For example, for f(x) = e* centered at 0,

T
T2($):1+9U+?,

and

22 23

T3($)=1+JZ+7+E.

B The Remainder of a Taylor Polynomial

( Definition. Taylor Remainder

The error made when approximating f(z) by its nth-degree Taylor polynomial is called the
remainder:

Thus,

f(z) =T,(x) + Rn(x).

- J

To prove that f is equal to the sum of its Taylor series, it is enough to prove that

lim R,(z)=0.

n—-+o0o

(" Theorem. A Function Equal to the Sum of Its Taylor Series

Suppose that f has derivatives of all orders near a. If

lim R,(x)=0,

n—-+o0o

then

- J

B Taylor’s Inequality
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( Theorem. Taylor’s Inequality )
Let f be a function that is differentiable n + 1 times successively on an interval I. Suppose
that there exists a constant M > 0 such that

[fU D (@) < M
for every x € I. Then, for every a,b € I,
n
f®)(a) k b —a"*™
f(b)—z b—a)' | <M———.
= k! (n+1)!
Equivalently, if R, (b) = f(b) — T, (b) denotes the remainder of the nth-degree Taylor polynomial
of f centered at a, then
IR, (b)] < Mw
S (O
\ J

This theorem gives an explicit bound on the error made when f(z) is approximated by T),(z). Indeed,

|z — a|"H!
n <M-————-——m—.
Hin)l < MG,

Therefore, if the constant M can be chosen independently of n, then the classical limit

for every & € R implies that
Hence, in this situation,

so f is equal to the sum of its Taylor series.

B The Maclaurin Series for ¢*

We now justify rigorously that the Maclaurin series computed earlier for the exponential function is
equal to e®. For f(x) = e*, all derivatives satisfy

f(x) = e".
Fix x € R. For every t between 0 and x, we have
F ()] = ef < o,

Thus, we can choose M = el*|, independently of n. By Taylor’s Inequality, for every n > 0,

+1
| Ru(o)] < e 7
— (n+1)!
Since
|l.|n+1
lim =0,
n—+oo (n 4 1)!
we obtain
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and therefore lim,_, 1 R, (x) = 0. Hence,

for every x € R. O

In particular, taking x = 1 gives

11
ezzn—:l—i-l—i—a%- + -

3!

B A Taylor Series Centered Away from 0

Consider
flz)=e"

and center its Taylor series at a = 2. Since f(")(z) = e*, we have

Therefore,

Equivalently,

This representation is valid for every x € R.

B The Maclaurin Series for sin(z)
Consider
f(z) = sin(x).
Its derivatives repeat periodically:
flz) =sin(z),  f(&) =cos(z), f'(x)=—sin(z), [fO(z)=—cos(x).

At x =0,
foy=0, fO)=1  f0)=0,  fB0)=-1,

and the pattern repeats. Therefore, the Maclaurin series is

. 2 2> 2’
sm(m):x—g—ky_ﬁ_;_...
Equivalently,
Too 22nt1
sin(z) = ) (-1)"——— |
nz::() (2n+1)!

Since every derivative of sin(x) has absolute value at most 1, Taylor’s Inequality gives
| x‘n—i—l

()] < (n+ 1)l

Therefore, lim,_, o R,(x) = 0 for every x € R, so the representation is valid for every real number.
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B The Maclaurin Series for cos(x)

Since

. sin(z) = cos(x),

we can differentiate the Maclaurin series for sin(x) term by term to obtain the Maclaurin series for
cos(z). We have

. B x> x® a7
sm(a;)—sc—g—i-ﬁ—ﬁ—k--.
Therefore,
_1 2?2 2t S
Thus,
+00 l,?n
_ 1\
cos(z) = Z( 1) o)l
n=0

for every z € R.

B A Taylor Series for sin(z) Centered at %

Consider
f(z) = sin(x)
and let
_r
a= 3"
‘We have 3 3
3 , 1 9 3 1
fla) = 5 fia) = bR f(a) = T f(s)(a) = 5

V3 L (a-T) V3 (e —5)° ;(w—;ﬁ)?’

This Taylor series converges to sin(z) for every x € R.

B The Binomial Series

Recall first the classical binomial coefficients. If N € Nand 0 <n < N, then

n!(N —n)! n! '

(N) N! N(N—-1)---(N=n+1)

The classical Binomial Theorem states that

(1+2)N = i <N>J:"

n=0 n

We now extend the notation (];Z ) to an arbitrary real number a. For & € R and n > 1, we define

(oz) ala—1)---(a—n+1)

n| n!

bl

and we set (g) = 1. When a = N is a nonnegative integer, this definition coincides with the classical
binomial coefficient (]7\[ ).
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( Theorem. The Binomial Series )
Let a € R. For every = €] — 1, 1], the series
+
n=0 n
is convergent, and its sum is equal to (1 + x)®. In other words,
+o0 o
1 ¢ = " .
(42 =3 (n> o k<t
n=0
Equivalently,
-1 —1)(a—2
(1+:U)°‘:1+om:+a(a2‘)x2+a(a 3)'(0z )x3+~--, lz| < 1.
N\ ' ' J
Proof. Let

fl2) = (1+2)°.

Its derivatives are
fl@)=al+2)*,

f'@) = ala =11 +2)*7,

and, more generally,
fM @) =ala=1)(a=n+1)(1+2)*"

Thus,
FM0) =ala—1)-(a=n+1),

400 £(n) 0 +o0
n=0

n: =0

so the Maclaurin series of f is

We first prove that this series converges for |z| < 1. If « is a nonnegative integer, the series has only
finitely many nonzero terms, so there is nothing to prove. Otherwise, let

«
an = z".
n

Then
An+1 _ a—"n ’m‘
Gn, n+1 ’
and therefore
. An+1
lim = |z|.
n—-+4oo an,

Thus, by the Ratio Test, the series converges absolutely for every |z| < 1.
Let

400 a
gle) =" ( )x”, lz| < 1.

n=0 n

Since this is a power series with radius of convergence at least 1, we can differentiate it term by term

on | —1,1[. Using
w2 <)

48



we obtain

Hence,

For x €] — 1,1], define
g(x)
hz) = ——"—.
() (1+z)
Then ,

(1 +2)g'(z) — ag(z)
(14 z)ott
Thus, h is constant on | — 1, 1[. Since g(0) = 1, we have h(0) = 1, and therefore h(z) = 1 for every

€] —1,1[. Hence,

h'(x) = = 0.

I/
(1—|—x)a:g(aj)zz ( )m”, lz] < 1.

n=0 n

Warning.

1. If « = N is a nonnegative integer, then (]7\{) = 0 for every n > N. Indeed, when n > N, the
product
N(N=1)-- (N —n+1)

contains the factor N — N = 0. Hence,
(N) NN—-1)---(N—=n+1)

pr— p— O.
n n!

Therefore, the infinite series reduces to the finite sum
N
N
1 N — n
L+ =) <n>a: :
n=0
which is exactly the usual Binomial Theorem.

2. For general a € R, the binomial series is guaranteed to converge for |z| < 1, but the endpoints

x = —1 and z = 1 must be studied separately. Indeed, different behaviors are possible. For
example, if &« = —1, then
+oo
(I+a) =) (-1)"a", lz| < 1.
n=0

At z = 1, this gives the divergent series Y729 (—1)", while at x = —1, it gives the divergent
series Y722 1. On the other hand, if @ = N is a nonnegative integer, the series is a finite sum
and therefore converges at both endpoints. Thus, knowing that the radius of convergence is
R =1 does not determine what happens at x = —1 and x = 1.
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B Using the Binomial Series

Consider

We rewrite the function as

1 1 LT —1/2
\/4—33_2( _4> '

Using the binomial series with k = —% and replacing z by —7, we obtain
4—x 2 16 256 2048 '
Since the binomial series requires
x
- <1,
4
we obtain
|z| < 4.
Thus, the radius of convergence is
R=4

B Important Maclaurin Series

The following table summarizes the main Maclaurin series that will be useful throughout the course.

Function | Compact form Expanded form Radius Interval of convergence
1 +o00o ) 5
n —
T2 nEZO:): l+z+a"+2°+--- R=1 | —1,1]
+00 _n 2 3
. T T x B
~+o00 2n+1 3 5 7
) n T x x x B
i) 2 (D gy | Tyt w | B R
+oo 2n 2 4 6
n & x x x B
cos(x) ngzo( ) @)l 1 o7 + TG + R = +o00 R
+00 2n+1 3 5 7
x x x T
t E -1n" -+ ——-—= R=1 -1,1
arctan(z) n:O( s W B - S [—1,1]
+oo n 2 3 4
x x x x
In(1 E —1)ni —— = —— 4 R=1 -1,1
+oo
-1
(14 x) > <a>x” 1+a3:+a(a2')x2+--- R=1or +o0 |]-1L,1[orR
n !
n=0

For the binomial series, R = 1 if & is not a nonnegative integer. In that case, recall also that the
behavior at x = —1 and « = 1 depends on a and must be studied separately. If a is a nonnegative
integer, the series reduces to a polynomial and its radius of convergence is R = 400.

B Using a Maclaurin Series to Compute a Sum

Consider

1 1 1

1— —
1-2+2-22 3-23+

20



This can be written as

JFZO:O(_ )n—1L.
=1 n2"
Recall that
+oo T
In(1 = -1 —.
a(l+0) = (1"
Taking z = % gives
“+00
1 1 3
D"l — =In(1+=)=mn(=).
2 U n<+2) “(2)
Therefore,
L —m(?’)
1.2 2.22 3.23 N 2) [

B Using a Series to Evaluate an Integral

1
2
/exd:c.
0

The function e~*" does not have an elementary antiderivative. Using the Maclaurin series of the
exponential function and replacing by —z2, we obtain

Consider

2 +ZOO (_1)11:1;271
et = —_

|
o n.

This power series has radius of convergence R = +o0o. Therefore, by the theorem on the integration
of power series, we can integrate term by term on [0, 1]:

G S
e =) My = :
/Oe v n! /Oac o n!(2n + 1)

Hence,

/le“2dx—1—1+ L1 T LI
0 - 3 21.5 3.7 4.9

This alternating series can be used to approximate the integral, with the error controlled by the
Alternating Series Error Bound.

B Using a Series to Evaluate a Limit

Consider
o ef—1—2x
lim —.
x—0 [1}2
Using
2,3
c=lrat ot to
we obtain
v q B e
R TR TR TR
Therefore,
ex—l—x_l_i_x +ZL‘2+
22 2 31 4
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Since a power series defines a continuous function inside its interval of convergence, we can pass to
the limit term by term at z = 0 and obtain

r e“”—l—x_l
a:g% x2 _2

B Multiplication and Division of Power Series

Power series can be multiplied and divided similarly to polynomials. The coefficients of terms having
the same power of x are then collected together.

Multiplication. Consider the product e” sin(x). Using the Maclaurin series

2 3 4

v _q N
and
B 23 b
sin(x) x—aﬂ—a— ,
we obtain , \ , , i
e’ sin(x) = lhotr T 2 L (oo 2 ).
2 6 24 6 120

We multiply the two series as we would multiply two polynomials. The terms coming from multiplica-

tion by = are

3 334 1'5

s+l T+ Ty
2 "6 a4

The terms coming from multiplication by —%3 are

and the terms coming from multiplication by % begin with

m+..._

Collecting terms of the same degree gives

1 1 1 1 1 1 1
o B 2 LR L P T T ST
e’sin(x) =z +x +<2 6>JU +<6 6):6 +<24 12+120>CE =+

P A
B 330 '
Therefore,
o , 7 2P
e’sin(x) =z +x —l—g—%—kwm

Division. Power series can also be divided similarly to polynomials. For example, since

fan(z) = sin(z) ’
cos(z)
we use
3 ad
sm(x)—:r—g—kﬁo—i-
and ) .
x*
=14y 4.
cos(x) 5 + 5 +



We perform the long division as for polynomials, but here we proceed in increasing powers of x.

r+23/34+22°/154 - -

L—a?/24at /244 Yo —a®[6+2°/120 + -
r—a3/242%/24 + - -
23/3 —25/30 + - -

23/3 —25/6+ -
22° /15 + - --
Therefore,
tan(m)—a:—i—gj—i-ﬁ—i-
B 3 15 '

Warning. When multiplying power series, we must work on an interval where both series converge.
When dividing power series, we must also make sure that the function in the denominator is not

equal to zero.
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